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1. INTRODUCTION
In this paper we consider groups that are the set theoretic union of their
non-abelian simple subgroups. We let S denote the class of all such groups.
Thus G is an S -group if and only if each element of G is contained in
a non-abelian simple subgroup of G. It is well known (see, for example,
Lemma 1.3 of [2]) that if a group G has a local system consisting of non-
abelian simple subgroups, then G itself is simple, and a natural question
therefore arises as to whether all S -groups are simple.
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On the positive side, so to speak, we shall prove the following theorem,
where, as usual, a group is called locally graded if each of its nontrivial
nitely generated subgroups has a nontrivial nite image.
Theorem A. Let G be a periodic locally graded S -group. Then G is
simple.
On the negative side, we shall give a number of examples of S -groups
that are not simple. For instance, we shall show that, in contrast to Theo-
rem A, there are torsion-free locally graded S -groups that are not simple.
Theorem A and some of the elementary properties of S -groups are proved
in Section 2. One aim of Section 3 is to show how to construct various
types of nonsimple examples of S -groups, using direct and Cartesian prod-
ucts. Groups with precisely two conjugacy classes are of considerable use
here; indeed, using results from [6], we shall prove the following, easily
established, theorem.
Theorem B. Let G be a torsion-free group. Then G can be embedded in
a non-simple torsion-free S -group H. Moreover, if G is countable, then H can
be chosen to be 4-generator.
We also prove other, more elaborate, results in Section 3, showing, for ex-
ample, that there are non-simple, directly decomposable characteristically
simple S -groups of arbitrarily large cardinality, with no minimal normal
subgroups. In Section 4 we use wreath products to construct non-simple
directly indecomposable S -groups. The main result of Section 4 is the fol-
lowing:
Theorem C. There is a characteristically simple, directly indecomposable
S -group which is not simple.
It appears to be much more difcult to construct periodic non-simple
S -groups. One approach that could be used to construct such groups lies
in the theory of free amalgams as developed in [10], [11], and [12]. If p
is a sufciently large prime then it appears likely that one can prove the
existence of an innite simple group N of exponent p such that H = N ×N
is an S -group; indeed it seems likely that there is a Tarski monster N
for which this is true. Furthermore, we anticipate that this group N , if
it exists, will have the property that if a; b are non-trivial elements of N
then there exists θ ∈ Aut N such that aθ = b. Combined with Corollary
4.2 the existence of such a group N would allow us to construct mixed
non-simple S -groups. It is perhaps even possible to construct such mixed,
directly indecomposable S -groups directly, using the techniques of [11].
In this paper we use standard notation as can be found, for example,
in [13].
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2. PERIODIC LOCALLY GRADED S -GROUPS
We rst give some of the elementary properties of S -groups. We shall
often use these later without specically mentioning the fact. Throughout
we shall suppose that G is an S -group covered by non-abelian simple sub-
groups Sii ∈ I.
It is clear that all S -groups are perfect. Furthermore, it is easy to see
that if N G G then both N and G/N are S -groups and each is covered by
simple subgroups isomorphic to certain Sjj ∈ J, where J ⊆ I. On a less
elementary note we have the following.
Lemma 2.1. Let A;B be non-trivial groups and suppose that H = A× B
is an S -group. Then either H is of exponent p, for some prime p, or H is
torsion-free.
Proof. Suppose, for a contradiction, that there exists a; b ∈ H, such
that a is of order r and b is of order s, where r > s > 1. Then there exists a
non-abelian simple subgroup T such that a; b ∈ T . Thus a; bs ∈ T ∩A
and T ∩A 6= 1. Since T is simple, it follows that T ≤ A and therefore that
b = 1, a contradiction, which proves the result.
Lemma 2.2. Let G ∈ S and suppose that N G G. If x /∈ N , then the order
of x is equal to the order of xN ∈ G/N . In particular, all elements of the coset
xN have the same order.
Proof. Clearly if xN has innite order then so does x, so we assume
that xN has nite order n > 1. There is a non-abelian simple subgroup Sk
of G such that x ∈ Sk and, since x /∈ N , we have that Sk ∩ N = 1. Thus
xn = 1 and since xm /∈ N for m < n it follows that x has order precisely n.
Lemma 2.3. Every S -group G has a unique maximal normal torsion-free
subgroup, which may be trivial.
Proof. It is clear from Zorn’s lemma that there are maximal torsion-
free normal subgroups in G. Suppose that M;N are normal torsion-free
subgroups of G and that m ∈M is such that m /∈ N . Then, by Lemma 2.2,
mN ∈MN/N has innite order. Thus, mn has innite order for each n ∈ N
and we deduce that MN is torsion-free. The result now follows easily.
Thus every S -group has a torsion-free radical. We denote this radical by
TFG.
Corollary 2.4. Let N be a normal subgroup of the S -group G and sup-
pose that N is not torsion-free. Then TFG ≤ N .
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Proof. Let M = TFG and suppose that M 6≤ N . The groups
M;N;MN and M ∩ N are all S -groups and hence MN/M ∩ N ∼=
M/M ∩N ×N/M ∩N is also an S -group. Now M/M ∩N is torsion-
free, by Lemma 2.2, and it follows from Lemma 2.1 that N/M ∩ N is
torsion-free. Lemma 2.2 now shows that N is torsion-free, a contradiction,
which completes the proof.
Lemma 2.5. Let G be an S -group that contains an involution τ. If 1 6=
N G G then τ ∈ N .
Proof. If this is not the case then, by Lemma 2.2, nτ is an involution for
each n ∈ N . Thus, nτ = n−1 for all n ∈ N . It follows that for all m;n ∈ N
we have n−1m−1 = mnτ = m−1n−1, and so N is an abelian S -group, a
contradiction.
Lemma 2.5 and the FeitThompson theorem together imply that a locally
nite S -group H is simple. If 1 6= N G H and N 6= H there is a non-abelian
simple subgroup S of H such that S ∩N = 1. However, S is locally nite;
if it contains no involutions then the FeitThompson theorem implies S
is locally soluble and hence abelian, by [13, 12.5.2]. Thus S contains an
involution and Lemma 2.5 gives a contradiction to S ∩N = 1. However, we
can go much further and this is our next goal.
The following result shows that periodic S -groups will generally be rather
unpleasant. Item (ii) indicates that our suggested example of an S -group
that is a direct square of exponent p is more natural than it might appear
at rst sight. We recall that a group H is called uniserial if given N;M G H
then either N ≤M or M ≤ N .
Lemma 2.6. Let G be a periodic S -group. Then either
(i) G is uniserial, or
(ii) G contains a non-abelian simple subgroup of prime exponent and
has the direct square of such a group as a section.
Proof. Suppose that G is not uniserial and that M;N G G are such that
M 6≤ N and N 6≤ M . Then M;N and M ∩ N are all S -groups and so
MN/M ∩N ∼=M/M ∩N ×N/M ∩N is an S -group. Since the factors are
nontrivial it follows from Lemma 2.1 that they have exponent p for some
prime p. However, M/M ∩N is covered by non-abelian simple groups iso-
morphic to subgroups of G, so G has subgroups of the required form.
Moreover, the direct product M/M ∩ N × N/M ∩ N is covered by sim-
ple groups: any non-abelian simple group T containing an element not
contained in either factor projects isomorphically into each factor, so that
there is a G-section isomorphic to T × T .
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Let p be a prime. We recall that an automorphism φ of a group G is
called a splitting automorphism of order p if φp = 1 and xxφxφ2 · · ·xφp−1 =
1 for all x ∈ G; here φ = 1 is possible. Note that if φ is such an auto-
morphism and N is a φ-invariant normal subgroup of G then φ induces a
splitting automorphism of order p on both N and G/N . It is a well-known
consequence of results due to Hughes and Thompson [5] and Khukhro [8,
6.4.2 and 7.2.1] that if a nite group G admits a splitting automorphism of
order p then G is nilpotent, of nilpotency class depending only on p and
the number of generators of G . We can extend this result to locally graded
groups in the following way.
Proposition 2.7. Let G be a locally graded group that is generated by
elements of nite order and suppose that G has a splitting automorphism φ
of prime order p. Then G is locally nilpotent.
Proof. Let H be a nitely generated subgroup of G. Note that there is
a nitely generated subgroup K of G such that H ≤ K and such that K
is generated by elements of nite order. Let L = K;Kφ;Kφ2; : : : ;Kφp−1,
so that L is a nitely generated φ-invariant subgroup of G containing H:
Let N G L be such that L/N is nite. Then M = Tpi=1Nφi is a φ-invariant
normal subgroup of L that is of nite index. Now L/M admits φ as a
splitting automorphism of order p and so L/M is nilpotent of class at most
c, where c is an integer depending only on p and the minimal number
of generators of L. Let R denote the nite residual of L. The preceding
argument implies that L/R is residually nilpotent of class at most c and it
follows that L/R is nilpotent. Since L is generated by nitely many elements
of nite order, we deduce that L/R is nite. Thus R is nitely generated
and, since R is locally graded, it follows easily that R = 1. Hence L (and
therefore H) is nite and nilpotent. The proof is complete.
Theorem A is an immediate consequence of the following result.
Theorem 2.8. Let G be a locally graded S -group. Let M be the torsion-
free radical of G and let N be the normal subgroup of G generated by all the
elements of nite order. If N 6= 1 then M ≤ N ≤ G, G/N is torsion-free and
N/M is simple. Moreover, if M 6= 1 then every nite subgroup of G is cyclic
or metacyclic.
Proof. That the group G/N is torsion-free is a consequence of
Lemma 2.2. Furthermore, Corollary 2.4 shows that M ≤ N . Using
Lemma 2.3 it is easy to see that M is the torsion-free radical of N .
Suppose that N/M is not simple so there exists K G N such that MKN .
Since M < K, K is not torsion-free. Let L be the subgroup of K generated
by all elements of K that have nite order. Clearly L < N and Corol-
lary 2.4 shows that M ≤ L. Let x ∈ N \ L be of prime order p, say, and
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note that Lemma 2.2 shows that conjugation by x induces a splitting auto-
morphism of order p on L. Proposition 2.7 now implies that L is locally
nilpotent, which is a contradiction, since L is an S -group, whereas locally
nilpotent simple groups are abelian, by [13, 12.1.6]. Thus N/M is simple.
Suppose now that M 6= 1 and that F is a nite subgroup of G. Let
1 6= m ∈ M and dene D = mF = mf  f ∈ F, a nitely generated
locally graded group on which F acts as a group of automorphisms. Let
R be the nite residual of D. As in the proof of Proposition 2.7, D/R is
nilpotent. Since D is torsion-free, D/R must be innite and it follows that
there exists an F-invariant normal subgroup W of D with R ≤ W and D/W
torsion-free. Now D/W is residually a nite q-group for each prime q. Let
q be a prime with q - F  and let A = D/WD′Dq. Then A is a non-trivial
elementary abelian q-group and F acts as a group of automorphisms of A.
If a ∈ A and f ∈ F then a = dW D′Dq for some d ∈ D. Since d ∈ M and
f /∈ M , Lemma 2.2 implies that f and df have the same order. Hence the
order of af divides the order of f . Thus F acts as a group of xed point free
automorphisms of A and so AoF is a Frobenius group. By Lemma 2.5, G
contains no involutions and so it follows from [13, 10.5.6] that every Sylow
subgroup of F is cyclic. The result now follows from [13, 10.1.10].
3. SOME EXAMPLES
The most straightforward way to construct non-simple S -groups uses
Lemma 3.1 below. First we introduce some terminology. We shall say that
a group H is a TC-group if it is non-abelian and has exactly two conjugacy
classes, and that the non-abelian group H is a TAC-group if, given any pair
of non-trivial elements a; b of H, there exists an automorphism θ of H
such that aθ = b. It is clear that TC-groups are simple TAC-groups and
that TAC-groups are characteristically simple. We shall say that a group H
is covered by copies of the group T if, for each h ∈ H, there exists Th ≤ H
such that Th ∼= T and h ∈ Th. We note that if H is covered by copies of an
S -group T then H is also an S -group.
If Gii∈I is a collection of groups we shall let Cri∈I Gi denote the Carte-
sian product of the groups Gi and, as usual, if f = fi ∈ Cri∈I Gi the sup-
port of f is dened to be the set i ∈ I  fi 6= 1. We denote the support
of f by suppf . When it is convenient we shall view elements of Cri∈I Gi
as functions from I to
S
i∈I Gi in the usual way.
Lemma 3.1. Let I be any set and let T be a TAC-group.
(i) For each i ∈ I, let Gi be a group that is covered by copies of T . Then
B = Cri∈I Gi is covered by copies of T . In particular, if T is an S -group, then
B is an S -group.
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(ii) Let G be any non-trivial group and let C = Cri∈I G. If I = κ is
innite and R = x ∈ C  suppx < κ, then R G C, G embeds in C/R,
C/R = C, C/R is directly decomposable and, if the centre of G is trivial,
then C/R has no minimal normal subgroups. If G is a TAC-group, then C/R
is characteristically simple. In particular, if G is an S -group that is also a TAC-
group, then C/R is a directly decomposable characteristically simple S -group
that has no minimal normal subgroups.
Proof. (i) Let 1 6= x = xi ∈ B and choose r such that xr 6= 1. It
sufces to show that there exists K ≤ B such that K ∼= T and x ∈ K. Since
each Gi is covered by copies of T it follows that there exists Ti ≤ Gi such
that Ti ∼= T and xi ∈ Ti. Since T is a TAC-group there is an isomorphism
θi:Tr −→ Ti such that xθir = xi, whenever i ∈ suppx. We choose θr = 1.
Let
K = y ∈ B  suppy = suppx; yi = yθir for all i ∈ suppy:
It is clear that x ∈ K and that K ∼= T , which proves (i).
(ii) Now suppose that x; y ∈ R. Then suppx−1 = suppx and
suppyx−1 ⊆ suppy ∪ suppx−1 and so it follows that yx−1 ∈ R. Hence
R ≤ C and since suppxz = suppx for all z ∈ C we deduce that R G C:
Let G∗ ≤ C consist of all elements x = xi where xk = xl for all k; l ∈ I.
Certainly G∗ ∼= G and suppx = κ for each 1 6= x ∈ G∗. Thus G∗ ∩R = 1
and so the obvious map G∗ −→ G∗R/R is an embedding of G in C/R. We
now decompose I into the disjoint union of κ distinct subsets Ji; i ∈ I
where Ji = κ for all i ∈ I. Let F be the set of all elements of C that are
constant on each Ji. Clearly F ∼= C and suppx = κ for all 1 6= x ∈ F .
Thus F ∩ R = 1 and F −→ FR/R is an embedding of F in C/R: Since
C ∼= F we have C = F  ≤ C/R ≤ C and we deduce that C/R = C.
Next we decompose I into the disjoint union of subsets I1 and I2 with
I1 = I2 = κ. Let Ci = x ∈ C  suppx ⊆ Ii and Ri = R ∩ Ci for
i = 1; 2: Clearly, C = C1 × C2 and R = R1 × R2. It follows that C/R =
C1/R1 × C2/R2 and since Ci/Ri 6= 1, C/R is directly decomposable.
Now suppose that the centre of G is trivial. Let 1 6= M/R be a normal
subgroup of C/R and suppose that 1 6= xR ∈ M/R. Let x = xi and let
J = suppx. Note that J = κ since x /∈ R. Let J1 be a subset of J such
that J1 and J \ J1 have cardinality κ . For each i ∈ J1 there exists y ′i ∈ G
such that xi; y ′i 6= 1. We dene y = yi ∈ C by yi = y ′i if i ∈ J1 and yi = 1
if i /∈ J1. Clearly z = x; y ∈M and suppz = J1. Let N = zCR. It is easy
to see that 1 6= N/R G C/R is properly contained in M/R. Thus C/R has
no minimal normal subgroups.
We now let G be a TAC-group and set A = Aut C: The group A con-
tains the subgroups U = Cri∈I Aut G and V , the full symmetric group on
I where, if pi is a permutation of I, we dene an automorphism of C,
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also denoted by pi, by setting xipi = xipi, for all xi ∈ C. Notice that if
I1; I2 ⊆ I are such that I1 = I2 and I \ I1 = I \ I2, then there exists a
permutation pi of I such that Ipi1 = I2. It follows that if x; y ∈ C are such
that suppx = suppy and I \ suppx = I \ suppy, then there ex-
ists pi ∈ V with suppxpi = suppy. Moreover, since G is a TAC-group
there exists α ∈ U such that xpiα = y. Since R is U;V -invariant it follows
that U;V  induces a group of automorphisms of C/R .
We claim that U;V  has only two orbits on the set of non-trivial ele-
ments of C/R. It is easy to see that we may write this set as the disjoint
union of two (well-dened) sets 1 = xR  suppx = I \ suppx and
2 = xR  I \ suppx < κ . Clearly 1 and 2 are U;V -invariant
subsets of C/R. If xR; yR ∈ 1 then there exist pi ∈ V and α ∈ U such
that xpiα = y and so xRpiα = yR. On the other hand, if xR; yR ∈ 2, then
there exist w ∈ xR and z ∈ yR such that suppw = suppz = I. Again
there exist pi ∈ V and α ∈ U such that wpiα = z and so xRpiα = yR. Thus
U;V  acts transitively on both 1 and 2 and we have established our
claim.
Now C = x ∈ C  suppx = I \ suppx = x ∈ C  I \ suppx <
κ and so C/R is generated by both 1 and 2. It follows from the preced-
ing paragraph that C/R is characteristically simple.
The nal assertion in the lemma now follows at once.
In their famous paper [3], Higman, Neumann, and Neumann showed
that every torsion-free group H can be embedded in a group H∗ that has
exactly two conjugacy classes. Thus, Lemma 3.1 shows that H∗ ×H∗ is a
non-simple torsion-free S -group. Moreover, in [6] the authors announced
that if H is countable, then H∗ can be chosen to be 2-generator. This proves
Theorem B. When used in conjunction with Lemma 3.1(i), we can actually
say a little more than this, so we simply state:
Theorem 3.2. (i) Every torsion-free group G can be embedded in a non-
simple torsion-free S -group.
(ii) If G is a countable torsion-free group, then G can be embedded in
a four-generator nonsimple S -group.
(iii) There exist directly decomposable innite non-simple S -groups of
arbitrarily large cardinality.
Next we show that there are locally graded non-simple S -groups. We re-
call that a group G is called locally indicable if the additive group of integers
is a homomorphic image of every non-trivial nitely generated subgroup of
G. Of course, locally indicable groups are locally graded and torsion-free.
The main part of the argument in the proof of the next theorem is well-
known (see, for instance, [13, 6.4.6]).
non-abelian simple groups 519
Theorem 3.3. Let G be a locally indicable group. Then G can be embed-
ded in a locally indicable TC-group.
Proof. Let G be as stated and well-order the non-trivial elements of
G as gα  0 ≤ α < γ for some ordinal γ. We shall construct a chain of
locally indicable groups Gα  1 ≤ α < γ such that G ≤ Gα and all the
gβ with β < α are conjugate in Gα. Let G1 = G and suppose that Gβ has
been dened for all β < α. If α is a limit ordinal we dene Gα =
S
β<α Gβ.
Clearly Gα is locally indicable. Suppose now that α is not a limit ordinal so
that Gα−1 has already been constructed. Now there exists an isomorphism
θα between the innite cyclic groups g0 and gα−1 and so we can form
the torsion-free HigmanNeumannNeumann-extension Gα = Gα−1; tα
where tα induces θα. By a theorem of Karrass and Solitar [7, Theorem 2],
we deduce that Gα is locally indicable. All the gβ with 0 ≤ β < α are now
conjugate in Gα. It is easy to see that G¯ =
S
α<γ Gα is locally indicable
and that any two non-trivial elements of G are conjugate in G¯. We dene
G0 = G and Gi + 1 = Gi for each i ≥ 1, and observe that G∗ =S
i≥1Gi has the property that any two non-trivial elements of G∗ are
conjugate in G∗. Clearly, G∗ is locally indicable. This completes the proof.
Corollary 3.4. There exist nonsimple, locally indicable S -groups.
Proof. This follows immediately from the preceding theorem taken to-
gether with Lemma 3.1.
4. WREATH PRODUCTS AND S -GROUPS
In this section we construct further examples of S -groups by using wreath
products. We let GWrH denote the unrestricted standard wreath product
of the groups G and H:
Proposition 4.1. Let G be a group covered by copies of the TAC-group
T . Suppose that T is an S -group and let H be a torsion-free S -group. Then
W = GWrH is an S -group, and if H is covered by copies of T , then so is W .
Proof. Let B denote the base group of W . Thus, B is a Cartesian power
of G and Lemma 3.1(i) shows that B is an S -group covered by copies of
T . Suppose that w ∈ W \ B. Since H is torsion-free, [9, Lemma 5.1] shows
that w is conjugate in W to an element of H. Since H is an S -group, it
follows that w lies in some non-abelian simple subgroup P of a conjugate
of H and it follows that W is an S -group. Clearly, if H is covered by copies
of T we may assume that P ∼= T and the result follows.
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Corollary 4.2. Let G be a torsion-free group that is covered by copies of
the TAC-group T and suppose that T is an S -group. Then, for each natural
number i, the group
· · · GWrGWrG · · · WrGWrG| {z }
i times
is an S -group covered by copies of T .
Proof. Since there exist groups G with the stated properties, the result
follows immediately from Proposition 4.1.
Our main goal in the remainder of this section is the construction of non-
simple, characteristically simple, directly indecomposable S -groups. Let
Gi;Hii∈ be a collection of permutation groups; that is, Gi is a group
of permutations of the set Hi for each i ∈ . We shall construct a permuta-
tion group W = W Gi;Hi;, similar to the restricted wreath product of
the Gi considered by Hall [1] and also to the wreath product constructed
by Holland in [4].
We shall assume throughout that Hi > 1 for each i ∈  and from each
Hi we choose an element which we denote by 1i. Let 5 = Cri∈Hi be the
Cartesian product of the Hi. We shall write 1 = 1i, confusion with the
identity elements of groups being unlikely. Let S be the subset of 5 that
consists of all elements x such that suppx contains a maximum element,
and let PS denote the group of all permutations of S:
If x; y ∈ S and k ∈ , then we say that x ≡ ymodk if xi = yi for all
i ≥ k, and we dene
QS = g ∈ PS  if x ≡ ymodk then xg ≡ ygmodk:
It is easy to see that QS ≤ PS.
For each k ∈ ; g ∈ QS and x ∈ S we dene a function gk;x on Hk,
which will turn out to be a permutation of Hk, in the following way. For
each a ∈ Hk let x′ ∈ S be dened by
x′j = xj for all j > k;
x′k = a;
x′j = 1j for all j < k:
We dene agk;x = x′gk. That gk;x is a permutation of Hk is the content
of Lemma 3.3 of [4]. We dene RS = g ∈ QS  gk;x ∈ Gk for all
k ∈ ; x ∈ S. As in [4, p. 160] we have
(1) xkgk;x = xgk,
(2) if x ≡ ymod k+ 1 then gk;x = gk;y ,
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(3) ghk;x = gk;xhk;xg,
(4) g−1k;x = gk;xg−1−1
for all k ∈ , g; h ∈ QS, and x; y ∈ S. It follows from (3) and (4) that
RS ≤ QS:
For each k ∈ , let Jk = g ∈ RS  gj;x = 1 if j 6= k. It is easy to see
that Jk ≤ RS. For each integer k > 0 let Tk = J1; : : : ; Jk and let T0 = 1.
Finally, we dene W = W Gi;Hi; = Jk  k ∈ ; a subgroup of RS.
Lemma 4.3. Let k ≥ 1: Then
(i) Tk = g ∈ RS  gi;x = 1 if i < 1 or i > k,
(ii) Tk G Tl for all l ≥ k,
(iii) Tk = Tk−1oJk, and
(iv) Jk is isomorphic to the Cartesian product of innitely many copies
of Gk, indexed by Dr i>kHi.
Proof. Part (i) can be proved quite easily by induction on k and (ii)
follows from (i) and (2) above. Part (iii) now follows from (i) and (ii) in
an obvious manner. In the light of (2), it is easy to see that each element
of Jk determines a function from the set of all equivalence classes of S
modulo k+ 1 to Gk. Since these equivalence classes are in a one-to-one
correspondence with Dr i>kHi the result now follows easily.
For each k ∈ , let Nk = g ∈ W  gi;x = 1 if x 6≡ 1 modk and dene
C = CGi;Hi; = Nk  k ∈ . Observe that if g ∈ C, then there exists
a minimal Ng ∈  such that gi;x = 1 if x 6≡ 1 modNg. We shall use this
notation throughout the remainder of this section.
Lemma 4.4. For each i ∈ , let Gi be a torsion-free group that acts
semiregularly on a set Hi. Suppose that k > 0 and that 1 6= b ∈ Jk. Further-
more, let V = g ∈ Tk−1  gi;x = 1 if xb = x and U = g ∈ Tk−1  gi;x =
1 if xb 6= x. Then
(i) V;U ≤ Tk−1,
(ii) Tk−1 = U × V ,
(iii) U; Jk = 1, and
(iv) for each υ ∈ V there exists g ∈ V such that g−1bg = vb. If, in
addition, υ ∈ C, then we may assume that g ∈ C ∩ V .
Proof. We write S as the disjoint union of sets X1 and X2 where X1 =
x ∈ S  xb 6= x and X2 = x ∈ S  xb = x. Note that if x ∈ Xi and
g ∈ Tk−1 then xg ∈ Xi since xb ≡ xmod k+ 1. (This fact will often be
used without further comment.)
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Part (i) is clear. To prove (ii) we suppose that g ∈ Tk−1 and dene u ∈
U;υ ∈ V by
ui;x =
(
1; if x ∈ X1
gi;x; if x ∈ X2
and
υi;x =
(
gi;x; if x ∈ X1
1; if x ∈ X2
for all i: For each i ∈  and x ∈ S we have that uυi;x = ui;xυi;xu = gi;x,
and so uυ = g. Thus Tk−1 = UV: Also, an easy calculation shows that if
u ∈ U and υ ∈ V then uυ = υu. Since it is clear that U ∩ V = 1, (ii) follows
at once. Part (iii) can be proved by direct calculation.
Let υ and b be as stated in (iv). We view b as a group of permutations
of X1 and let 3 denote a set of representatives of the b-orbits. Since Gk
is torsion-free and acts semiregularly on Hk, we see that each x ∈ X1 can
be written uniquely in the form λbi where λ ∈ 3 and i ∈ . We dene
g recursively as follows: we set gi;x = 1 for all j ≥ k and j ≤ 1, so that
g ∈ Tk−1, and gj;x = 1 for all j ∈  and all x ∈ X2 so that g ∈ V:
Now let i be such that 1 ≤ i < k and suppose that we have already
dened gj;x for all j > i and all x ∈ S: Observe that υi;xg−1 depends only on
i and the equivalence class of xg−1 mod i+ 1 and so υi;xg−1 is well-dened.
We set
gi;λ = 1 for all λ ∈ 3
gi;λbn = gi;λbn−1υi;λbn−1g for all λ ∈ 3 and n ≥ 1
gi;λbn = gi;λbn+1υi;λbng−1 for all λ ∈ 3 and n < 0:
Let γ = g−1bg. Now γi;x = gi;xg−1−1bi;xg−1gi;xg−1b for all i ∈  and x ∈ S.
Thus
γi;x= 1 if i < 1 or i > k;
γk;x= bk;xg−1 = bk;xυ for all x ∈ S
since xg−1 ≡ xυ mod k+ 1.
Suppose that 1 ≤ i < k. Now bi;xg−1 = 1, and so γi;x=gi;xg−1−1gi;xg−1b:
If x ∈ X2, then xg−1; xg−1b ∈ X2, and so γi;x = 1 for all i satisfying 1 ≤
i < k. If x ∈ X1, write xg−1 = λbn where λ ∈ 3 and n ∈  so that
γi;x = gi;λbn−1gi;λbn+1 :
Considering the cases n = 0; n > 0 and n < 0 separately, we see that γi;x =
υi;λbng = υi;x for all x ∈ X1. Thus, γi;x = υi;x for all x ∈ X1. It now follows
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easily that γ = g−1bg = vb, and we have proved the rst statement in (iv).
To complete the proof of the lemma, it sufces to note that if υ ∈ C and
Nυ > k, then gi;x = 1 if x 6≡ 1 modNυ, whereas if Nυ ≤ k then
gi;x = 1 if x 6≡ 1 mod k+ 1. In either case g ∈ C.
The proof of the following lemma is very easy and is left to the reader.
Lemma 4.5. Let x ∈ S and suppose that Gi acts transitively on Hi for all
i ∈ . Let j; k ∈  be such that 0 < k < j and x ≡ 1 mod j. Then there exists
h ∈ Nj ∩ Tj such that xh ≡ 1 modk.
Theorem 4.6. For each i ∈ , let Gi be a torsion-free group that is covered
by copies of the simple TAC-group T and let Hi be a set on which Gi acts
regularly. Then W = W Gi;Hi; is covered by copies of T . In particular W
is an S -group.
Proof. We rst prove that, for each k ≥ 1, Tk is covered by copies of
T . We argue by induction on k. If k = 1 then T1 = J1 is a Cartesian power
of G1 by Lemma 4.3(iv), and Lemma 3.1(i) shows that T1 is covered by
copies of T . Suppose that Tk−1 is covered by copies of T and let w ∈ Tk
where w /∈ Tk−1. Now, since w /∈ Tk−1, there exists x ∈ S such that xw 6≡
xmodk. Let j > k be such that x ≡ 1 mod j. By Lemma 4.5, there exists
h ∈ Nj ∩ Tj such that xh ≡ 1 modk. Now wh ∈ Tk and 1wh 6≡ 1 modk. We
may write wh = fb where f ∈ Tk−1 and 1 6= b ∈ Jk. Let U and V be the
groups referred to in the statement of Lemma 4.4. Then by Lemma 4.4(ii)
we may write f = uυ where u ∈ U and υ ∈ V . By Lemma 4.4(iv) there
exists g ∈ V such that bg = υb. Now Lemma 4.4(iii) shows that g; u = 1,
and we deduce that whg
−1 = ub. Note that ub ∈ U; Jk = U × Jk, by
Lemma 4.4(iii). Now Jk is covered by copies of T , by Lemmas 4.3 and
3.1(i), and Tk−1 is covered by copies of T by our inductive hypothesis. It
follows from Lemma 3.1 that U × Jk is covered by copies of T and, in
particular, there exists K ≤ U × Jk such that K ∼= T and ub ∈ K. Since
ub = whg−1 , we deduce that w is contained in a copy of T and we have
proved that Tk is covered by copies of T .
The result now follows easily. Let w ∈ W . Then w ∈ Jm; Jm+1; : : : ; Jn
for some m ≤ n. After reindexing the groups Gi if necessary, we may as-
sume that m > 0 and so w ∈ Tn. Thus, by the argument above, there exists
K ≤ Tn with w ∈ K and K ∼= T . The proof is complete.
In the following lemma, we suppose that all the permutation groups
Gi;Hi are isomorphic to a xed permutation group G;H. Note that
in this case S admits a shift operator σ ∈ PS dened by xσi = xi−1 for
all i ∈  and x ∈ S.
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Lemma 4.7. Let G be a torsion-free group that acts regularly on the set H.
Let c;w ∈ C = CG;H; and suppose that c /∈ Ji  i ≤ Nw. It follows
that w ∈ cC .
Proof. Note that Nwσ = Nw + 1 and so cσt /∈ Ji  i ≤ Nwσt  for
all t. Clearly it sufces to prove that wσ
t ∈ cσt C for some t ∈  and so
we may assume that w; c ∈ Tq for some q.
Let l and k be minimal such that w ∈ Tl and c ∈ Tk. Since c /∈ Ji  i ≤
Nw we see that k > Nw. It follows from the denition of k that we
may write c = f ′b′ where f ′ ∈ Tk−1 and b′ ∈ Jk. Since b′ 6= 1, there exists
y ∈ S such that yb′ 6= y. Let j > k be sufcently large so that y ≡ 1 mod j.
By Lemma 4.5, there exists h ∈ Nj ∩ Tj ≤ C such that yh ≡ 1 modk. Now
ch ∈ C and 1ch = 1h−1f ′b′h ≡ yf ′b′h ≡ yb′h 6≡ yh ≡ 1 modk so that
1ch 6≡ 1 modk. Since h ∈ NCTk, we may write ch = fb where f ∈ Tk−1
and 1 6= b ∈ Jk. Clearly 1b 6= 1 and b ∈ C. Let U and V be the subgroups
of W referred to in Lemma 4.4. Now wi;x = 1 if x 6≡ 1 modNw and
so wi;x = 1 if x 6≡ 1 modk. Since xb 6= x if x ≡ 1 modk we deduce that
w ∈ V . By Lemma 4.4(ii), we may write fb = uυb where u ∈ U and υ ∈ V .
Since f ∈ C we note that υ ∈ C. It follows easily from Lemma 4.4(iv) that
there exists g ∈ V ∩ C such that υbg = υwb. Now Lemma 4.4(ii) shows
that u; g = 1, and so fb; g = uυb; g = b−1υ−1u−1uυbg = wb. Since
fb = ch ∈ cC , we deduce that wb ∈ cC and the result follows since b ∈ C.
Theorem 4.8. Let G be a torsion-free group that acts regularly on a set
H. Then C = CG;H; is a characteristically simple group that is directly
indecomposable but not simple.
Proof. Clearly C is not simple. For instance, Ji  i ≤ 0 ∩ C is a non-
trivial normal subgoup of C.
Let E = C; σ, a subgroup of PS such that C G E. To prove that
C is characteristically simple it is sufcient to prove that C is a minimal
normal subgroup of E. To this end, let 1 6= c ∈ C and w ∈ C. We claim
that w ∈ cE and note that to prove this it is enough to show that w ∈
cσt C for some t. Let t be sufciently large so that cσt /∈ Ji  i ≤ Nw.
Now Lemma 4.7 establishes our claim and it follows at once that C is
characteristically simple.
It remains to prove that C is directly indecomposable. Suppose, for a
contradiction, that C = A ×B where A 6= 1 6= B. Let 1 6= w ∈ A. If there
exists b ∈ B such that b /∈ Ji  i ≤ Nw, then Lemma 4.7 shows that
w ∈ bC ≤ B, which is a contradiction. It follows that B ≤ Ji  i ≤ Nw.
Let 1 6= b ∈ B. Repeating our previous argument with the roles of A and
B interchanged shows that A ≤ Ji  i ≤ Nb. Thus C = A ×B ≤ Ji 
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i ≤ maxNw;Nb, which is absurd. This contradiction completes the
proof.
Finally, combining Theorems 4.6 and 4.8, we obtain the following result,
which yields Theorem C immediately.
Theorem 4.9. Let G be a torsion-free group that is covered by the sim-
ple TAC-group T . Suppose that G acts regularly on a set H. Then C =
CG;H; is a characteristically simple S -group that is directly indecom-
posable but not simple.
Proof. From Theorem 4.8 we know that C is characteristically simple,
directly indecomposable, and not simple. Thus, it remains only to show
that C is an S -group. Now Theorem 4.6 shows that W = W G;H;
is an S -group and so it sufces to prove that C G W . To this end,
let c ∈ C and w ∈ W . For each i ∈  and x ∈ S we have that
cgi;x = gi;xg−1−1ci;xg−1gi;xg−1c . Now ci;xg−1 = 1 if xg−1 6≡ 1 modNc
and so xg−1c = xg−1 if xg−1 6≡ 1 modNc. We deduce that cgi;x = 1
if xg−1 6≡ 1 modNc. Suppose that x ≡ 1gmodNc. Now there exists
k ∈  such that xl = 1 for all l ≥ k and k ≥ Nc. We see that cgi;υ = 1
unless υ ≡ 1 modk and so cg ∈ C. Thus C G W and the proof of the
theorem is complete.
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